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1 modular relation
, Dirichlet modular relation
, Ramanujan’s formula , , $\mathrm{Y}\mathrm{C}$ ((3)
. 1
$\{\mathrm{r}\iota_{\eta}, \}$ , $\{b_{n}\}$ , $\{\lambda_{n}\},$ $\{\mu_{n}\}$ , $\varphi(s),$ $\psi(s)$
$(.4^{\backslash }=\sigma+it)$ $\{a_{n}\},$ $\{\lambda_{n}\}$ $\{b_{n}\},$ $\{\mu_{n}\}$ Dirichlet ,
{?}
$\varphi(s)$ $:=$ $\sum_{n=1}^{\infty}\frac{a_{n}}{\lambda_{n}^{s}}$ $\sigma>\kappa_{1}$ ,
$\psi(s)$ $:=$ $\sum_{n=1}^{\infty}\frac{b_{n}}{\mu_{n}^{s}}$ $\sigma>\kappa_{2}$ .
$\varphi(s)$ $’\psi’(\mathrm{L}\mathrm{q})$
( $\triangle(s)\varphi(s)=\triangle(\delta-s)\psi’(\delta-\llcorner \mathrm{q})$ , $\triangle(s)=\prod_{j=1}^{k}\Gamma(\alpha_{j}s+\beta_{j})$
.
(2) $A^{-s}\triangle(s)\varphi(s)=cA^{-(\overline{\delta}-s)}\triangle(\delta-s)\psi(\delta-s)$ ,
( $A>0$ . $c:$ constant) , $\{b_{n}\}$ $\{cb_{n}\}$ , $\{\lambda_{n}\}$ ,
{ } $\{A\lambda_{n}\},$ $\{A\mu_{n}\}$ $(^{9}.)$ (1) ,
(1) . $\lambda’(s)$
$\chi(s)=\{$
$\Delta(\mathrm{L}\backslash ^{\neg})\varphi(s)$ , $\sigma>\kappa_{1}$





. $\sigma$ $\sigma_{1}\leq\sigma\leq\sigma_{2}(-\infty<\sigma_{1}<\sigma_{2}<\infty)$ , $|t|arrow\infty$
$\chi(s)=O(e^{-\gamma|t|})$ , $|t|arrow\infty$ ( $\gamma>0$ : constant)
. $E(x)$ $\triangle(s)$ Mellin
(3) $E(x)= \frac{1}{2\pi i}\int_{(\kappa)}\triangle(s)x^{-s}ds$
, $\Phi(x),$ $\Psi(x)$
$\Phi(x)$ $=$ $\sum_{n=1}^{\infty}a_{n}E(\lambda_{n}x)$ ,
$\Psi(x)$ $=$ $\sum_{n=1}^{\infty}b_{n}E(\mu_{n}x)$
, residual function $P(x)$
$P(x)$ $=$ $\frac{1}{2\pi i}\int_{C}.\chi(s)x^{-s}ds$
$=$
$\sum_{\Re\delta-\kappa_{2}\leq\sigma\leq\kappa_{1}}{\rm Res}\chi(s)x^{-s}$
( $\mathrm{C}$ $\chi(s)$ $\mathrm{Y}\mathrm{C}$ ) .
modular relation
(4) $\Phi(x)=x^{-\delta}\Psi(\frac{1}{x})+P(x)$
(1) Mellin , $l\mathrm{C}$ modular relation (4)
Mellin (1) ,
modular relation .
Dirichlet . $\triangle(s)=\Gamma(s)$ $F_{/}(x)=$
$e^{-x}$ , $x=-iz$ ( $z$ ) (4)
$\sum_{n=1}^{\infty}a_{n}e^{i\lambda_{n}z}=(-iz)^{-\delta}\sum_{n=1}^{\infty}b_{n}e^{i\mu_{\hslash}\frac{-1}{z}}+P(-iz)$
, $z \mapsto\frac{-1}{z}$ .
(3) $\triangle(s)=\Gamma(s)$ $E(x)=e^{-x}$ , $\triangle(s)$ (e.g. $\triangle(s)=$
$\Gamma(\frac{s}{a}))\mathfrak{l}\mathrm{C}E(x)$ (e.g. $E(x)=e^{-x^{a}}$ ) , $E(x)$ mod-
ular relation .
2
, 1 $\mathrm{R}\mathrm{a}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{u}\mathrm{j}\mathrm{a}\mathrm{n}^{\backslash }\mathrm{s}$ formula modular relation
, 2 $\zeta(3)$




Entry 21 (i) ([1, Chapter 14]). $a,$ $\beta$ $\alpha\beta\ovalbox{\tt\small REJECT}\pi^{2}$ , $n$
.
(5) $\alpha^{-n}\{\frac{1}{2}\zeta(2n+1)+\sum_{k=1}^{\infty}\frac{1}{k^{2n+1}(e^{2\alpha k}-1)}\}$
$=$ $(- \beta)^{-n}\{\frac{1}{2}\zeta(2n+1)+\sum_{k=1}^{\infty}\frac{1}{k^{2n+1}(e^{2\beta k}-1)}\}$
$-2^{2n} \sum_{k=0}^{n+1}(-1)^{k}\frac{B_{2k}}{(2k)!}\frac{B_{2n+2-2k}}{(2n+2-2k)!}\alpha^{n+1-k}\beta^{k}$ .
. $B_{n}$ $n$ Bernouffi .
. $\sigma_{z}(n)=\Sigma_{d|n}d^{z}$ $(\zeta(s)\zeta(s-z)=\Sigma_{n=1}^{\infty}\sigma_{z}(n)n^{-s})$
$\sum_{k=1}^{\infty}\sigma_{-n}(k)e^{-2\pi kz}=\sum_{k=1}^{\infty}\frac{1}{k^{n}(e^{2\pi kz}-1)}$
, (5) $\alpha=\pi z,$ $\beta=\pi/z,$ $\Re z>0$ , $n\neq 0$
Guinand’s formula([2], Theorem 9, $(\mathrm{i}\mathrm{v})=[3],$ Formula (9))















1 Ramanujan’s formula Guinand’s formula :
$n>1$ $n\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $N$
$\zeta(n)$ $=$ $\frac{2^{n-1}\pi^{n}}{(n+1)!}\sum_{k=0}^{(n+1)/2}(-1)^{k-1}(\begin{array}{ll}n +1 2k\end{array})B_{n+1-2k}B_{2k}$
-2 $\sum_{k=1}^{\infty}\frac{1}{k^{n}(e^{2\pi k}-1)}$
$N$ \epsilon $1<K=K(N)<\tau^{e_{\frac{2\pi}{\pi-1}}}\mathrm{e}=1.00187\ldots$
$\zeta(n)$ $=$ $\frac{2^{n-1}\pi^{n}}{(n+1)!}\sum_{k=0}^{(n+1)/2}(-1)^{k-1}(\begin{array}{ll}n +1 2k\end{array})B_{n+1-2k}B_{2k}$
-2 $\sum_{k=1}^{N-1}\frac{1}{k^{n}(e^{2\pi k}-1)}-2\frac{K}{N^{n}(e^{2\pi N}-1)}$
\kappa
$\zeta(3)=\frac{7}{180}\pi^{3}-2\sum_{k=1}^{N-1}\frac{1}{k^{3}(e^{2\pi k}-1)}-2\frac{K}{N^{3}(e^{2\pi N}-1)}$ .
$e^{2\pi}=535.5491655524764736503049326\ldots$ ,
$N$ 1 2,3 .
Guinand’s formula (6) 2
$\zeta(3)$ $=$ $\frac{2}{45}\pi^{3}-8\pi^{2}\{\sum_{n=1}^{\infty}\frac{1}{n}(1+\frac{1}{2\pi n}+\frac{1}{(2\pi n)^{2}})\frac{1}{e^{2\pi n}-1}$
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